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Abstract
We review a recently proposed approach to construct superstring cosmological
evolutions, which are free of Hagedorn instabilities and initial singularities. We
illustrate these ideas in hybrid models in two dimensions.
† Unite´ mixte du CNRS et de l’Ecole Polytechnique, UMR 7644.
ar
X
iv
:1
10
6.
13
09
v2
  [
he
p-
th]
  2
4 J
ul 
20
11
1 Introduction
Large classes of two-dimensional conformal field theories can be used to define superstring
backgrounds in Minkowski or anti-de Sitter spaces. Since these vacua describe Universes
which are static at tree level, one may wonder under which circumstances quantum effects
may correct this statement and lead to cosmological evolutions. Clearly, supersymmetry
must be broken in order to violate time-translation invariance. Since we are mostly inter-
ested in theories with small cosmological constants (compared to the string scale Ms) at the
quantum level, it is natural to focus on flat (Minkowski) tree-level backgrounds where super-
symmetry is spontaneously broken, in order to not have quantum corrections of order Ms. In
such theories, the scale M of supersymmetry breaking is a field, whose vacuum expectation
value is a flat direction of the vanishing classical potential. As a result, there is no preferred
scale for the quantum corrections.
A physically relevant and general way to construct such “no-scale models” from super-
symmetric vacua is to switch on finite temperature. In this case, the scale of spontaneous
supersymmetry breaking is the temperature T , while the effective potential is nothing but
the free energy. Already at the one-loop level, the latter induces a backreaction on the
originally static background which can enter in quasi-static evolution.
For a system of particles with Hamiltonian H, the canonical partition function Z =
Tr e−βH can be computed in quantum field theory with a path integral in compact Euclidean
time of period β = 2piR0, the inverse temperature. In the case of a supersymmetric spectrum,
the free energy F = −(lnZ)/β is finite in the UV and, in the perfect gas approximation, its
expression at one-loop can be coupled to the classical action of the system. However, due to
the presence of the supergravity multiplet, a rigorous derivation of this procedure in quantum
field theory is lacking. However, the previous 1-loop corrected supergravity action can be
obtained as the low energy effective description of superstring models at finite temperature.
In this case, Z = lnZ is the genus-1 vacuum-to-vacuum amplitude evaluated in Euclidean
time compactified on S1(R0).
The above statements have however some limitation. When the temperature increases,
the number of string modes which can be thermalized grows exponentially and implies Z
to diverge above some Hagedorn temperature TH of order the string scale. This breakdown
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of the canonical ensemble approach is believed to signal a phase transition at the maximal
temperature TH towards another (possibly stringy) thermal system. However, what may
look as a difficulty string theory has to face may provide a possibility to overcome the
initial singularity problem, where both curvature and temperature are infinite. The aim of
the present note is to summarize a recently proposed approach to construct cosmological
evolutions free of Hagedorn and initial singularities [1, 2].
2 Hagedorn singularity free models
To be specific, we consider the type IIA and type IIB superstrings toroidally compactified
on the Euclidean background S1(R0) × TD−1 × T 9−D × S1(R9), where TD−1 of volume V
regularizes the infinite size of the external space, while T 9−D×S1(R9) stands for a factorized
internal space. The space-time supersymmetries generated by the right-moving sector are
spontaneously broken by coupling the Γ(1,1) lattice of zero modes associated to S
1(R9) to
a¯, the right-moving Ramond-Ramond (RR) charge. The remaining left-moving supersym-
metries can be spontaneously broken by implementing finite temperature. This is done by
coupling the Euclidean time Γ(1,1) lattice to the fermion number a+ a¯. In type IIA (λ = 0)
and type IIB (λ = 1), the partition function takes the form,
Z =
V
(2pi)D−1
∫
F
d2τ
2τ
D+1
2
2
Γ(9−D,9−D)
η8η¯8
1
2
∑
a,b
(−)a+b+λab θ[
a
b ]
4
η4
1
2
∑
a¯,b¯
(−)a¯+b¯+a¯b¯ θ¯[
a¯
b¯
]4
η¯4
(2.1)
R0√
τ2
∑
n0,m˜0
e
−piR
2
0
τ2
|n0τ+m˜0|2(−)(a+a¯)m˜0+(b+b¯)n0 R9√
τ2
∑
n9,m˜9
e
−piR
2
9
τ2
|n9τ+m˜9|2(−)a¯m˜9+b¯n9+m˜9n9 .
An alternative way to break the left-moving supersymmetries is to couple the Euclidean
time lattice to the left-moving RR charge only. This amounts to changing
(−)(a+a¯)m˜0+(b+b¯)n0 −→ (−)am˜0+bn0+m¯0n0 (2.2)
in Eq. (2.1). In both cases, the one-loop correction to the vacuum energy is non-trivial and
backreacts on the classically static background. Our aim is to make the comparison between
the two choices [1].
For either couplings, the partition function can be expressed in terms of SO(8) affine
characters V8 = S8 = C8 and O8, by Poisson resumming on the indices m˜0 and m˜9. Due to
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the GSO projections which are reversed when the winding numbers n0 or n9 are odd, there
exist V8O¯8 sectors whose lightest states of mass |R9 − 1/(2R9)| enhance U(1)R → SU(2)R
when R9 = Rc := 1/
√
2. Since this point is a minimum of −Z, it is consistent to suppose
from now on R9 to be stabilized at Rc. There are also O8O¯8 sectors. In the thermal
models, the associated lightest modes have squared masses m2
OO¯
= R20 − 2. They become
tachyonic for R0 < RH :=
√
2 and imply Z to be ill-defined above the Hagedorn temperature
TH = 1/(2piRH). This pathology may be cured by allowing the tachyons to condense i.e.
acquire vacuum expectation values when they become massless. Below TH , one can make
contact between the genus-0 amplitude Z and the canonical ensemble partition function
Z = Tr e−βH by “unfolding” the fundamental domain F in Eq. (2.1). What is meant by
this is that integrating over F the discrete sum over n0 is equivalent to integrating over the
upper half strip S+
(−1
2
< τ1 <
1
2
, τ2 > 0
)
and setting n0 = 0. It is then straightforward to
integrate over τ1 to implement level matching and identify Z with lnZ, when the latter is
expressed in first quantized formalism as an integral over the Schwinger parameter τ2 > 0.
Since R0 is constrained to be larger than RH , there is no allowed T-duality on S
1(R0) which
may relate the IIA and IIB models.
On the contrary, the lightest states in the O8O¯8 sector of the second class of models have
masses m2
OO¯
= [R0 − 1/(2R0)]2 and are never tachyonic. R0 > 0 is allowed to take arbitrary
values and the IIA and IIB models are actually identified, since
Z(λ,R0) = Z
(
1− λ, 1
2R0
)
. (2.3)
The unfolding procedure of the fundamental domain obtained by exchanging the order in
which integration over τ and summation over n0 are performed is valid when absolute con-
vergence of the integrand is satisfied. This is the case when R0 > Rc and leads (say for
λ = 1)
Z =
V
(2pi)D−1
∫
S+
d2τ
2τ
D+1
2
2
Γ(9−D,9−D)
η8η¯8
∑
m0
∑
m9,l9
(
Γm0,0V8 − Γm0+ 12 ,0S8
)∣∣∣
R0(
Γm9,2l9V¯8 − Γm9+ 12 ,2l9S¯8 + Γm9+ 12 ,2l9+1O¯8 − Γm9,2l9+1C¯8
)∣∣∣
R9
, (2.4)
where Γα,δ(R) := q
[(α/R)2+(δR)2]/4. For R0 < Rc, an analogue expression is obtained by T-
duality: R0 → 1/(2R0), S8 → C8. In Eq. (2.4), the fermions (bosons) in the sectors V8S¯8
and V8C¯8 (S8S¯8 and S8C¯8) have integer (integer+
1
2
) moments along S1(R0) and are thus not
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thermalized as is usually the case. This is clear since (−)a = (−)(a+a¯)(−)a¯ differs from the
standard thermal boundary conditions along S1(R0) in the right-moving RR sector (a¯ = 1).
Actually, the amplitude Z can be written as [1]
Z = ln Tr
[
(−)a¯ e−βH
]
where β =
{
2piR0 when R0 > Rc
2pi/(2R0) when R0 < Rc
, (2.5)
which shows that the tachyon free model can be interpreted as a canonical ensemble deformed
by the insertion of the operator (−)a¯ in the trace over the multi-particle states. The system
admits a “momentum phase” (R0 > Rc) connected to a “winding phase” (R0 < Rc), with
space-time fermions in distinct representations (as follows from the exchange S8 ↔ C8). At
the fermionic point (R0 = Rc), additional massless states occur, whose crucial role is to
trigger the phase transition, as will be illustrated in the next section. They are the would-be
tachyons we already mentioned in the O8O¯8 sector, together with modes in the O8V¯8 sector
which enhance U(1)L → SU(2)L. Moreover, it is important to stress that the masses of the
non-thermalized states (the sectors a¯ = 1) read from Eq. (2.4) are larger than 1/R9 or R9,
which are of order the string scale since R9 = Rc. As a result, the multi-particle states which
contain such excitations are exponentially suppressed by Boltzman’s factor as soon as β is
larger than βc = 2piRc. This justifies the fact that the conventional thermal model defined in
Eq. (2.1) and the tachyon free one cannot be distinguished when the temperature is below the
string scale. The two constructions differ at ultra high temperature only, where the Hagedorn
singularity of the former is replaced by a thermal “winding → momentum” phase transition.
To conclude this section, we signal that the dressing of the canonical ensemble partition
function defined in Eq. (2.5) can be interpreted as a discrete deformation arising for specific
background fields G09 = 2B09 = 1, when lnZ is evaluated as a Euclidean path integral.
These parameters are not dynamical, as they are Wilson lines for the gauge bosons Gµ9 and
Bµ9 along the temporal direction S
1(R0) [1].
3 Example of non-singularity cosmology: The hybrid
models
The phase transition announced in the previous section can be described dynamically in
particularly simple models in two dimensions [2]. The generalization in arbitrary dimension
can be found in [3]. The so-called hybrid A and hybrid B models (λ = 0, 1) are superstrings
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theories in Euclidean space-time S1(R0)× S1, with partition functions
Z =
V
2pi
∫
F
d2τ
2τ
3/2
2
Γ(8,0)
η8
1
2
∑
a,b
(−)a+b+λab θ[
a
b ]
4
η4
(V¯24 − S¯24)
R0√
τ2
∑
n0,m˜0
e
−piR
2
0
τ2
|n0τ+m˜0|2(−)am˜0+bn0m˜0n0 ,
(3.1)
where V is the perimeter of the spatial S1 which regularizes the infinite external space. The
coupling of the temporal zero modes to the left-moving RR charge a breaks spontaneously
all left-moving supersymmetries. On the same side, the internal CFT is based on the E8
root lattice Γ(8,0), while the right-moving sector is particularly simple since V¯24 − S¯24 ≡ 24.
This remarkable identity between the SO(24) affine characters signals an exact degeneracy
between the massive modes of the right-moving NS and R sectors. On the contrary, 24
massless NS states in V¯24 have no counterparts in S¯24 = 2
11q¯ + O(q¯2). This is an example
of MSDS structure [4], which implies all right-moving supersymmetries are broken at the
string scale. The right-moving CFT corresponds to an SU(2)8R enhanced symmetry point of
the internal moduli space where R2, . . . , R9 are stabilized at Rc.
The properties of the hybrid models are similar to those described for the tachyon free
models of section 2. In the hybrid B case (λ = 1), the unfolding procedure of the fundamental
domain F leads for R0 > Rc
Z =
V
2pi
∫
S+
d2τ
2τ
3/2
2
Γ(8,0)
η8
∑
m0
(
Γm0,0V8 − Γm0+ 12 ,0S8
)∣∣∣
R0
(V¯24 − S¯24), (3.2)
while a similar expression valid for R0 < Rc is obtained by thermal duality: R0 → 1/(2R0),
S8 → C8. Since the analogous results in the hybrid A case are simply obtained by changing
R0 → 1/(2R0), the hybrid A and B theories are identified. Actually, Eq. (3.2) and its coun-
terpart for R0 < Rc can be written as in Eq. (2.5), which shows that a thermal momentum
phase is connected to a thermal winding phase. This can be made even more explicit by
computing exactly the partition function Z. Due to the exact cancellation of the massive
states in the right-moving sector, level-matching implies Z has non-trivial contributions from
massless states only:
Z
V
= 24
{
1/R0 for R0 > Rc
2R0 for R0 < Rc
= 24
(
1
2R0
+R0
)
− 24
∣∣∣∣ 12R0 −R0
∣∣∣∣ . (3.3)
Since these modes have a¯ = 0, they are conventionally thermalized (see Eq. (2.5)). As a
result, the deformed canonical ensemble in the hybrid models is nothing but a conventional
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one for thermal radiation in each phase. The non-analyticity of Z at the fermionic point arises
from the appearance of additional massless states in the O8V¯24 sector, which are responsible
for an SU(2)L enhancement. Remarkably, these modes trigger the winding → momentum
phase transition, as can be seen as follows. For R0 > Rc, the Matusbara excitations are
pure momentum states in the temporal direction (see Eq. (3.2)) and satisfy pL = pR ∈ Z or
Z + 1
2
at the fermionic point. Since the additional massless states have pL = ±1, pR = 0,
the action of their vertex operators O± on the momemtum states can produce pure winding
states, −pL = pR. Moreover, the presence of a factor ψ0L in the expressions of O± implies
the chirality exchange S8 ↔ C8 as well.
The effective actions in the winding and momentum phases are just dilaton gravity in two-
dimendional Minkowski space, coupled to the free energy associated to thermal radiation. At
the transition, the Euclidean scalars χi which are exceptionally massless can have non-trivial
backgrounds determined by their tree level equations of motion. In total, the action valid
for all times in the case of homogeneous and isotropic evolutions is, when we choose the laps
function N ≡ β,
S=
∫
dtdx βa
[
e−2φ
(
R
2
+ 2(∂φ)2
)
− 48pi
β2
]
+ SB, with
SB =
∫
dx a(0) e−2φ(0)
(
−a(0)−2 dχi
dx
dχ¯i
dx
)
= −κ
∫
dtdx a e−2φ δ(t), (3.4)
where κ ≥ 0 arises from non-trivial gradients of the χi’s and can be interpreted as a spacelike
brane tension localized at t = 0. Solving the equations of motion leads to a non-singular
bouncing cosmology,
eφ =
eφc√
1 + ω |t| , a =
ac√
1 + ω |t| e
ω
2
|t| , T = Tc e−
ω
2
|t|√1 + ω |t|, (3.5)
where ac and φc are arbitrary integrations constants, while ω :=
pi√
2
κ =
√
2 eφc
√
48pi and
Tc =
√
2/(2pi). This evolution is compatible with perturbation theory when the maximal
string coupling eφc which occurs at the phase transition is chosen to be sufficiently small.
Higher derivative terms are also negligible since the maximal scalar curvature R is reached
at the bounce and is of order O(e2φc). The bounce in the dilaton field is a direct consequence
of the negative contribution to the pressure of the brane tension. This is in contrast with
other pre- Big Bang scenarios [5, 6].
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